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Abstract 

Extending the holographic program of iJj], we derive f(R) gravity and the 
Maxwell equations from the holographic principle, using time-like holographic 
screens. We find that to derive the Einstein equations and f(R) gravity in 
a natural holographic approach, the quasi-static condition is necessary. We 
also find the surface stress tensor and the surface electric current, surface 
magnetic current on a holographic screen for f(R) gravity and Maxwell's 
theory, respectively. 
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1. Introduction 

Gravity may not be a fundamental force, this may be related to a deep 
principle underlying the working of our world: The holographic principle. 
The most recent concrete proposal for a macroscopic picture of gravity is due 
to Verlinde j2| (see also jsj), which in turn is motivated by the gauge/gravity 
correspondence in string theory and an earlier proposal of Jacobson 

However, there are problems with the Verlinde's proposal, as pointed out 
in First, Verlinde's derivation of the Einstein equations always requires 
a positive temperature on a holographic screen, this is not attainable for an 
arbitrary screen. To avoid this problem, we propose to use a screen stress 
tensor to replace the assumption of equal partition of energy. Second, using 
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Verlinde's proposal, we do not have a reasonable holographic thermodynam- 
ics, there is always an area term in the holographic entropy of a gravitational 
system. There is no such problem in our proposal. A prediction of the pro- 
gram of [l[ is that there is always a huge holographic entropy associated to 
a gravitational system, with a form similar to the Bekenstein bound. 

In this paper, we would like to clarify the role of the adiabatic condition 
used in [H left unexplained in that paper. To see how far our program can get, 
we also use the same idea to derive f(R) gravity, we see that unlike Verlinde's 
proposal in which it is impossible to accommodate theories containing higher 
derivatives joj , there is a natural ansatz for the surface stress tensor to derive 
the f(R) theory. 

Lastly, using the same idea with a surface current replacing the surface 
stress tensor, we derive the Maxwell equations. Our success demonstrates 
that our program is more universal. 

This paper is organized as follows. In sect. 2, we review our holographic 
derivation of the Einstein equations on a time-like screen. In sect. 3 and 
sect. 4, we derive the f(R) equations and the Maxwell equations in a similar 
holographic approach, respectively. We conclude in sect. 5. 

2. Einstein equations from the holographic principle 

In this section, we shall review our derivation of the Einstein equations 
in a holographic program [1] different from Verlinde's jij. We will explain 
the physical reason to impose the quasi-static condition used in the previous 
paper [l[ in order to derive the Einstein equations naturally on a time-like 
holographic screen. 

Let us start with some definitions. Our holographic screen is a 2+1 di- 
mensional time-like hyper-surface S, which can be open or closed, embedded 
in the 3+1 dimensional space-time M. We use x", gab, Va, Hi, Jij and Di 
(here a, b run from to 3, and i, j run from to 2) to denote the coordinates, 
metric and covariant derivatives on M and S, respectively. 

Unlike Jacobson's idea 0], we consider an energy flux SE passing through 
an open patch on a time-like holographic screen = dAdt (see Fig. [T]) 



where Tab is the stress tensor of matter in the bulk M, is a time-like Killing 
vector, and A^"^ is the unit vector normal to S. To define A^" we may assume 
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Figure 1: An energy flux SE passing through an open patch on the holographic screen. 
S be specified by a function 

k{xn = c. (2) 
Thus, the normahzed normal vector to S is 

iV« = ^^"'^^^^ (3) 



As in pj, we introduce the surface energy density a and the surface energy 
fiux j on the screen. These are quantities contained in the surface stress 
tensor r*-' and given by 



a 



UiT'^ij , j = -rriiT'^^j, (4) 



where Ui, mi are the unit vectors normal to the screen's boundary c?E (we 
will give the expressions of Ui and mj shortly), is a Killing vector on E. 
In a quasi-static space-time is related to by = e~'^^\ and is the 
Newton's potential defined by = |log(— on the screen. Note that a 
and j are the energy density and energy fiux on the screen measured by the 
observer at infinity. Apparently, central to our discussion is the choice of 
Tij. Naturally, r*-' should depend on the extrinsic geometry of the screen, 
since extrinsic geometry contains both the information of the bulk M and 
of the screen S, thus it is a natural bridge relating both sides to realize 
the holographic principle. Thus we assume the following simplest and most 
general form 

T'^=nK'^ + qY\ (5) 
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Figure 2: Left panel: The first term J {mr''^ S^j)dA\l'^'^^ in Eq.Q is due to change of the 
density. Right panel: The second term — / rriiT^'^ ^jdydt is the energy flow (denoted by the 
red arrows) through the patch boundary parameterized by y. 

where n is a constant, g is a function to be determined and K'^^ is the extrinsic 
curvature on S defined by 

= -e^e5V,iV„, (6) 

where = ^ is the projection operator satisfying Nael = 0. 

On the screen, the change of energy has two sources, one is due to varia- 
tion of the energy density a, the other is due to energy fiowing out the patch 
to other parts of the screen, given by the energy fiux j. The energy variation 
on the patch is then given by 

= - / {Miy^ijVhdz^ = - [ Di{r'^QdAdt, (7) 

where the first term in the first equahty is due to change of the density and 
the second term is the energy fiow through the patch boundary parameterized 
by y (see Fig. [2]). These two terms can be naturally written in a uniform 
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form, since the boundary of the patch consists of two space-hke surfaces (rfS 
at t and t+dt), and a time-hke boundary, h is the determinant of the reduced 
metric on 9E, Di is the covariant derivative on E. Mi is a unit vector in E 
and is normal to 5E. Let us choose a suitable function /as(|/*) = c on E to 
denote the boundary 5E, then we have 

= /"^^-^^^ (8) 

Notice that when M* is along the direction of dy^{dt) it becomes u^, and 
when along the direction of dy^{dy^, dy"^) it becomes m*. 

For a reason to be clear later, we focus on a quasi-static process in the 
following derivations. Recall that in Eq.(j2]) we use f-zix"") = c to denote the 
holographic screen E. In the quasi-static limit, /s(a^") is independent of time, 
so Na ~ (0, 5i/s, <92/s, c^s/e)- Note that ~ (1,0,0,0) in the quasi-static 
limit, thus we have Na^"' — > 0. The Killing vector on E can be induced 
from the Killing vector C,a in the bulk M in the quasi-static limit: 

6 = D(iei) = Va(e6 - N,CNk)el,e'^) = K^.N^C ^ 0. (9) 

From Eq.(|5]) and the Gauss-Codazzi equation RabN°-e\ = —Dj{K^ i — Kj^ «), 
one can rewrite Eq.(I7]) as 

6E = f [nRabCelN^ -CDi{nK + q)]dAdt 
Jt, 

= JjnRabCN'-C^a{nK + q)]dAdt, (10) 

where we have used the formulas = ^e^, C^if = ^"Va/ in the quasi-static 
limit. It should be stress that the second term ^"-VainK + q) in Eq.f jTOj) can 
not be written in the form ^""N^Bab {Bab is independent of and A^^). For 
details, please refer to the Appendix. 

Take into consideration that A^** are independent vectors and Qab^'^N^ = 
0, equating Eq.([T]) and Eq. flTU]) results in 

nRab + f9ab = Tab, Q = -uK, (11) 

where / is an arbitrary function. We note that the second equation is a 
consequence of the fact that the second term on the R.H.S. of Eq. lITOl) must 
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be vanishing. This result tells us that the surface stress tensor is the same 
as the Brown- York surface stress tensor, but we have not made use of any 
action. Using the energy conservation equation V^Tab = 0, we obtain / = 
n{—^ + A). Defining the Newton's constant as G = we then get the 
Einstein equations 

R 

Rab - -^gab + ^Qab = SlvGTab- (12) 

Substituting n = and q = —riK into Eq.([5]), we obtain 

r^^ = J-{K^^ -Kf^), (13) 
ottG 

this is just the quasi-local stress tensor of Brown- York defined in [sj. Now we 
have derived the Einstein equations and the Brown- York stress tensor from 
our holographic program. 

In the above derivations, for simplicity, we have imposed the quasi-static 
condition Na^"" = 0. We now briefly discuss the relation between the quasi- 
static condition and the holographic principle. Let us try to see what will 
happen when we abandon the quasi-static condition Na^"" = 0. The energy 
flux 6E passing through an open patch on the holographic screen = dAdt 
becomes 

SE= [ TabCN'dAdt = [ [Tabe'^CN" + TabN''N\N,C)]dAdt, (14) 

JT. JT, 

a new term TahN"'N^{Ni,^'^) which is proportional to the pressure along the 
direction of A^" appears. Since now we aim to study the relationship between 
the quasi-static condition and the holographic principle, not to derive the 
Einstein equations, for simplicity, we assume that the Einstein equations are 
satisfied and so the surface stress tensor Tij is the Brown- York stress tensor 
Eq.dn]). Then, Eq.dH]) is expected to be 

SE = [ ^[R^,eteN' + iRab'^gab)N''N\N,C)]dAdt 
Jt ottG 2 

= [ [-CjD.r^^ + R + K^- K,,K'^){N,e)]dAdt. (15) 

Jt IbTrG 

We have used the Gauss-Godazzi equations 

RabN''e\ = -Dj{K^ ,-K5^ ,), 

(2i?,b - Rgab)N''N' = -(3)/? + K^- K,,K'^, (16) 
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where ^^^R is the Ricci scalar on E. 



Note that = e^^a is on longer a Killing vector on the screen, since 
D(i^j) = KijNaC^ 7^ 0. If we still assume Eq.(|l]) with being the projection 
of on S, the change of energy on screen Eq.(I7]) becomes 



Since —^^^R — K'^ + K'^^Kij ^ 0, the second term of Eq.( fT5l) is not equal to the 
second term of Eq.f ll7p except when Nc^'^ = 0. Of course, one can add some 
terms to Eq. (|T71) to equate Eq.(fT5ll and Eq.( fT71) . but it is very unnatural. 
So if we expect the holographic principle to require that the the energy flow 
through the holographic screen (defined by Eq.f lTSj) ) and the change of energy 
on the holographic screen (defined by Eq.f lT7|) ) are equal to each other, the 
quasi-static condition [Na^"" — ^ 0) is necessary. 

Finally, even without using the Einstein equation, the fact that the second 
term in Eq. (fT^ is proportional to the transverse component of T^h tells us 
that we need to introduce an transeverse term in the surface stress tensor, 
this is not holographic at all. 

3. f(R) gravity from the holographic principle 

In this section, we shall derive the equations of f(R) gravity in the same 
manner as in [l[ and the previous section. For the same reason as in the 
presiouc section we impose the quasi-static condition [Na^"" — ?■ 0). 

The energy flux bE passing through an open patch on the holographic 
screen = dAdt and the change of energy on the screen take the same form 
as in Eq.([I]) and Eq.([7]) 




(17) 




(18) 
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= - [ {Miy^ijVhdz^ = - [ Di{T'^Q)dAdt. (19) 

i(9S Jt, 

The only difference is tlie assumption of surface stress tensor r'-' . As argued 
in Sect. 2, r*-' sfiould depend on tlie tlie extrinsic geometry of the screen, 
since it is a natural bridge relating the bulk M and the holographic screen E. 
Instead of the simplest assumption Eq.Q, we now assume more generally 

t'^ = nf\R)K'^ + q-i'\ (20) 

where f'{B) is a general function of the Ricci scalar and q is to be deter- 
mined. The case f'{R) = 1 is special and is what underlying the Einstein 
equations. Substituting Eq. fl^U]) into Eq.( lT^ . we obtain 

6E = - [ D^{T'^^j)dAdt 
Jt, 

= [ (nf'RabN-e - nCKabV'f - C^a{q + nf'K))dAdt 
Jt. 

= [ {nfRatN'^e + nCVaNtV'f - C^a{q + nf'K))dAdt 
Jt 

= j [nN^eiRabf - V,V ,/') + rV,(niV^V J' - nf'K - q)]dAdt. 

(21) 

In the above calculation, we have used the Gauss-Codazzi equation RabN'^e\ = 
-Dj{K^ i - K-i^ i), i'^^aR = 0, ^""Kab = -^"VaNb and the quasi-static 
condition {Na^"" — )■ 0). As the case in Sect. 2 the second term of Eq. fl^ 
^'^Va(nA^''Vfc/' — nf'K — q) does not contain term ^""N^Bab, where Bab is 
independent of and A^^. For details, please refer to the Appendix (just 
replace {nK + q) by {nf'K + q- uN^Vbf). 

Since f"^, A^^ are independent vectors and Qab^^'N'^ = 0, equating Eq. (fT8|) 
and Eq. (l2T]) results in 

q = nN'Vbf - nf'K, 

f'Rab - V,V + Fgab = -Tab, (22) 

n 
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where F is an arbitrary function, using VqT'^* = 0, we get 

V^F = V'(VeV7'-^)- (23) 

Thus, F = □/' — I + A. Define the Newton's constant as G = g;^, we then 
obtain equations of motion of f(R) gravity 

f'Rab - ^9ab - yaVtf + QabOf + AQab = SuGTab. (24) 

Substituting q = g^{N^'^bf' — f'K) into Eq.( l20|) . we get the surface stress 
tensor of f(R) gravity 

r'' = ^ IfiR) {K'^ - KY^) + iV^ V J V^] . (25) 

Now, we have obtained the f(R) equations and surface stress tensor from 
our holographic program. Let us continue to understand the physical mean- 
ing of the surface stress tensor Eq.(l25l). It is well known that the action of 
f(R) gravity 

S = ^j d'x^gf{R) + SM{gab, i^) (26) 
is equivalent to the Einstein gravity with a scalar field 

S= f d'x^g[^ - ]-d-~^dJ - V{4>)] + SM{e-^'gab. ^), (27) 
J Ik 2, 

if we perform conformal transformation cjab = fdab and = -^J^lnf, 
V{(f)) = ^£ 7,L . The surface stress tensor for metric g~ab is 



= -[K'^ - Kf^), (28) 

K 



Note that Na = UT^^K, iV" = {fT'^^N'^, %b = flab and ff, = Tf, + 
1 

2/' 



where Cf^ = Tfji^t^bf + cf — Qcbg'^'^'^ ef')- After some calculation, we 



find 



K 



{fr'^\r (29) 



9 



It is interesting that the surface stress tensors fjj and Tjj of Eq. f l25p are related 
exactly by an conformal factor (/')^^^^. Let us move on to understand this 
conformal factor (/')~^''^- Firstly, let us derive some useful formulas. 

Na = {ff'^Na. = gab " iV.iV, = f'^ab 

r = r (30) 

We shall prove the last equation ^'^ = below. Assume be a Killing 
vector of the metric gab, we have 

L^gab = Cdc9ab + (daOgcb + {dbOQca = 0, (31) 

then 

Lfgab = CdcU'9ab) + f\da09cb + f\db09ca 

= gabCdcf + f'{Cdc9ab + {daOgcb + {db^gca) 

= 0, (32) 

where we have used the identity aR = 0. Now, it is clear that is also 
a Killing vector of cjab- The energy flux 6E passing through the holographic 
screen is 



6E = jjf'J + fi)CN'^d'xdt 



TabCN^v^d^xdt 



ab 

S 



TabCN'^y/^d^xdt 

= 6E. (33) 

Above we have used again the identity ^"Va-R = and the quasi-static limit 
{NaC'' ^ 0), SO that fj,riV'' = 0. 

The change of energy on the screen is 

SE = - [ M'nj^^VJid^z = - [ M'if'y/^fij^^Vhdh (34) 

JdT. JdT, 
10 



Equating Eg. (15^ and Eq.( 151|) . we find 



5E = - [ M\fY/\ji^VhS 



z 



JdY, 



(35) 



It is clear that {f'Y^'^Tij plays the rule of Tij. 



The above discussion is a check that from the holographic principle we 
have derived the correct surface stress tensor ( !25l) of f{R) gravity, and helps 
us to gain some insight into the physical meaning of f(R) surface stress tensor 
( 125|) : It is related with it's conformal counterpart by an appropriate confor- 
mal factor Tij = {f'Y^'^Tij. 

4. Maxwell equations from the holographic principle 

In this section, we shall derive the Maxwell equations in a similar holo- 
graphic approach as in the above two sections. However, there are two main 
differences. First, instead of using conservation of energy, we use conser- 
vation of charge to derive the Maxwell equations. We calculate the charge 
passing through the holographic screen in the bulk M and the charge change 
on the screen S respectively, and equate them as dictated by the holographic 
principle. With an appropriate assumption of the current on the screen, 
we can obtain the Maxwell equations. Secondly, we do not need the quasi- 
static condition {Na^"' — ?• 0), in fact we make no use of a Killing vector in 
our derivations of the Maxwell equations, since a Killing vector is related to 
energy instead of charge. 

Consider the electric charge 6Q passing through an open patch on the 
holographic screen = dAdt 



Jt, 

where J'^ is electric current of matter in the bulk M. Assume the surface 
electric current on the screen be jj, then the charge change on the screen is 




(36) 



5Q 




(37) 
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where the first term in the first equahty is due to change of charge density 
and the second term is the electric flow through the patch boundary param- 
eterized by y. Again these two terms can be naturally written in a uniform 
form — M^ji\/hdy'^. Applying Stokes's Theorem, we get the last equality. 

According to the holographic principle, we should equate Eq.f l36|) . the 
charge flow through the patch of the holographic screen, and Eq.f p7|) . the 
charge change on this patch, yielding 

D'J^ = -Nar. (38) 

So far, we have not made any assumption about the form of ji. Now, let 
us gain some insight into the form of ji from Eq. fl38p . According to the 
holographic principle, we expect to derive the bulk equations of motion from 
Eq.f pSj) . which implies that = e"j" should linearly depend on N"". Thus, 
the general form for ja is 

Ja = Aa,N' + Aa,cV'N'+... (39) 

And ja must satisfy the following conditions 

AT'^i, = 0, D'3, = r''^aJh = -NaJ\ (40) 

where 7'^'^ is the projection operator defined as 7"'^ = g'^'^ — N°'N'^. For 
simplicity, we consider the simplest assumption ja = AatN''. The conditions 
Eq.( HU]) become 

AabN''N'' = 0, {r'VaA,t)N' + j:A,kV''N' = -N''Jb. (41) 

From the last equation of Eq. fHT]) . we have 

ir'^aA^k + Jb)N' = 0, j:A,,V''N' = (42) 

Since 7^V"A^^ = —K'^^ is symmetrical in c and b, we derive 'j^j^Aad = 
-j^-f^Aad from ^^AcbVN'' = 0. For we can change the direction of N°' arbi- 
trarily with changing the screen, taking 'JclbAad = —JblcAad and AabN°-N^ = 
into account, we find that Aab is antisymmetric. Thus, the first equation 
of Eq. fH^ becomes 

(7''^VaAfe + J,)A^' = {VaAt + Jb)N'-{N''VaA,b)N'N'' 

= {VaAt + Jb)N'' = 0. (43) 
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So for arbitrary A^'', we get 



VaA""^ = -j\ (44) 

with A"''' an antisymmetric tensor and the surface electric current ja = AabN'^ 
on the screen. Note that conservation of charge VaJ" = is satisfied auto- 
matically for antisymmetric A"''^ 

- VaJ" = VaVbA"" = ^(VaVfe - VfeV„)A'^' = RabA'^' = 0. (45) 

The above approach can be directly extended to the case of magnetic 
charge. Assume the magnetic current in the bulk and on the screen be 
= and j'^ = B"-^Nb, respectively. With the same procedure we arrive at 

Bab^_Qba^ ^^^ab ^ _jb^^Q_ ^4g) 

Since the magnetic current = in the bulk, it is expected that = 
B°-^Nb is not an independent physical quantity, it should either vanish or 
be related to the surface electric current j"' on the screen. In view of the 
electromagnetical duality, it is natural to assume that the surface electric 
current and magnetic current on the screen are related with each other by 
the Hodge duality 

^ab ^ ^,abcd^^^_ (47) 

Then, Eq.( H6l) becomes 

e'^'^'^VbA,, = 0, (48) 

which is just the Bianchi identity. The general solution of the above equation 
is Acd = ddAc—dcAd with A^. an arbitrary vector field. Rename Acd by F^c, let 
us summarize our results. The surface electric current and magnetic current 
on the screen are 

f = F'-Nb, 3l = ^e^'^^'^FedA^b. (49) 

The equations of motion in the bulk M are 

V,F'^'' = J^ V[„F,,]=0, (50) 



13 



where Fat = daAj, — dbAa and [ ] denotes complete antisymmetrization. The 
above equations are just the Maxwell equations. Applying the formulas 

Fab *F''^ = ^F *F5l FabF'^ - *Fab = ^F\, (51) 

we obtain the following interesting identities 

JJm = -\f*F, f-jl = -}-F\ (52) 

where *F''^ is the Hodge duality of F^d, *F''^ = \e"-^'"^Fcd- Note that the 
L.H.S of Eqs. (!52|) are physical quantities on the screen while the R.H.S of 
Eqs.( l52p contain only physical quantities in the bulk which are independent 
of the direction of the screen A^", so j"" and j%[ contain all the information of 
the bulk (F^ and *FF) which is a reflection of the holographic principle. 

Now, we have derived the Maxwell equations from the holographic prin- 
ciple and an appropriate assumption for the relationship between the surface 
electric current and magnetic current on the holographic screen. 

5. Conclusions 

We have derived f(R) gravity and the Maxwell equations from the holo- 
graphic program we proposed in [ij] . We find the surface stress tensor and sur- 
face electric current, surface magnetic current for f(R) gravity and Maxwell's 
theory, respectively. It is interesting to extend our holographic approach 
to more general higher derivative gravity, and investigate the corresponding 
thermodynamics on a time-like holographic screen. It should be mentioned 
that in Sect. 4 we only find the simplest solution of Eqs.( 15^ and ( HUj) . whether 
there are other solutions and corresponding holographic electromagnetic the- 
ories is an interesting problem. We hope we will gain more insight into these 
problems in the future. 
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Appendix 



In this appendix, we sliall prove tliat tlie second term ^""V ai^K + q) in 
Eq. lITO!) does not contain the term ^'^N^Bab, where Bab is independent of 
and N''. If ^'^Va{nK + g) does include such terms, {nK + g) must depend 
on A^^ linearly 

nK + g = AbN^ + AbcV^N"" + ... (53) 

Thus, 

CVa{nK + g) = CN''VaAb + eA''VaNb + {i''VdA''')VaNb... 

= i-N'VaAb + i''V''N\VdAab + gdaAb) + ... (54) 

Take into consideration the fact that Eq.([T]) does not contain the term ^'^'W°'N^ 
and that Rab is symmetrical, equating Eq.([T]) and Eq. fllOl) yields 

VaAb = VbAa, (55) 

DiAjk + lijAk = e'^e'^^eliVdAab + gaaAb) = 0. (56) 
From the above equations, we derive 

DiA + A = 0, A4 + 4Afc = 0, A = Ajkl'\ (57) 



DiA.k - DjAik = 0, DiA - DjAi = D^A + 4^ = 0. (58) 

From the first equation in Eq. (IH71) and the last equation in Eq. (IS5]) . we get 
Ai = 0, so A" = el A' + N''{NbA^) = N''{NbA''). Now, we can prove that the 
first term of Eq. fl54|) vanishes: 

CN'VaAb = CN'VbAa = N''Vbi^aA'')-N'A''VbCa 

= N'Vb{^^A') - {N,A')N'N'^Vb^a = 0. (59) 

Thus, the second term (^"Va(nir + g) in Eq. fllOl) does not contain the 
term as ^""N^Bab- We must require {riK + g) = in order to equate Eq.([T]) 
and Eq.(jTO|). 
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